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" recent works aim to minimize prover time!

Gemini

… and more

• Jolt, Lasso, Gemini, Spartan, Stwo
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What is Sumcheck?

Evaluates one univariate polynomial 
for each variable (  rounds)log n
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for all  bfixed ∈ {0,1}num fixed variables

 ( , )lag_ poly := lagrange_ polynomial bfixed fixed variables

p( w1, w2, w3, x4, x5, x6, x7, x8 )
fixed variables open variables

for all  bfree ∈ {0,1}num free variables

sum + = lag_ poly ⋅ p(bfixed . . . bfree)

subsets “fixed” and “open” provide 
structure to sum using two loops
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Time: O(N) Space: O(N)LinearTimeSC
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0,0,0
Round n-1 

0,0,1 0,1,0 0,1,1 1,0,0 1,0,1 1,1,0 1,1,1

Keep a lookup table and absorb randomness in each round
Time: O(N) Space: O(N)LinearTimeSC

 verifier randomness for round n-1wn−1

Round n
0,0 0,1 1,0 1,1

 eval(0,0) := eval(1,0,0) ⋅ wn−1 + eval(0,0,0) ⋅ ŵn−1
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Our results
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Blendy!
A multilinear Sumcheck Prover with

Time: O(k ⋅ N) Space: O(N1/k)

Tradeoffs: The value  regulates time and space efficiency


•  recovers asymptotics of LinearTimeSC


•  recovers LogSpaceSC

k

k = 1
k = n

Other choices of k enable 
previously unknown tradeoffs
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Implementation Notes
• Rust # implementation, available at compsec-epfl/space-efficient-sumcheck


• Arkworks ecosystem for underlying finite field arithmetic


• Implemented both LogSpaceSC and LinearTimeSC


• Modular choice of:


• Field


• Prover algorithm


• Input stream
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https://github.com/compsec-epfl/space-efficient-sumcheck


Results
• Compared to LinearTimeSC: significantly lower memory consumption all input sizes


• Compared to LogSpaceSC: orders of magnitude faster

n = 28 LogSpaceSC Blendy LinearTimeSC

Time 
(Seconds) 342.9 21.8 20.4

Memory 
(MiB) 0.1 1.0 5242.0

650x improvement in memory usage traded for 0.93x slowdown
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Main Idea: Divide rounds into k stages
past variables  current variables future variables

for all  bpast ∈ {0,1}num past variables

 ( , )lag_ poly := lagrange_ polynomial bpast verifier randomness

for all  bcurrent ∈ {0,1}num current variables

AUX[bcurrent] + = lag_ poly ⋅ p(bpast . . . bcurrent . . . bfuture)

for all  bfuture ∈ {0,1}num future variables

Like in LogSpaceSC we 
create subsets 

Like in LinearSpaceSC we 
fold into a lookup
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Partial sums 
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ps := AUX[0] + ps[0]AUX[1] + ps[1]AUX[2] + ps[2]AUX[3]

Partial sums 
preprocessing

Round evaluation
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Sequential Lagrange Polynomial
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Sequential Lagrange Polynomial

• Left is , Right 


• If traversing to a child: multiply


• If traversing to a parent: divide


• Reach leaf: this is a lag poly

(1 − ri) ri

Siblings are computed with one with 1div, 1 mult 

 Time complexity reduced: 
 to O(ℓ2ℓ) O(2ℓ)

Compute as a path in a DFT
Multivariate Lagrange 
polynomial in {0,1}n
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Conclusion

16



Recap Blendy !
What we showed

*See Lasso [STW23b] appendices F & G for similar techniques
17

Time: O(k ⋅ N) Space: O(N1/k)



Recap Blendy !
What we showed

• Divide rounds into k stages

*See Lasso [STW23b] appendices F & G for similar techniques
17

Time: O(k ⋅ N) Space: O(N1/k)



Recap Blendy !
What we showed

• Divide rounds into k stages

• Computes  lookup equal to stage sizeAUX

*See Lasso [STW23b] appendices F & G for similar techniques
17

Time: O(k ⋅ N) Space: O(N1/k)



Recap Blendy !
What we showed

• Divide rounds into k stages

• Computes  lookup equal to stage sizeAUX

• Partial sums technique

*See Lasso [STW23b] appendices F & G for similar techniques
17

Time: O(k ⋅ N) Space: O(N1/k)



Recap Blendy !
What we showed

• Divide rounds into k stages

• Computes  lookup equal to stage sizeAUX

• Partial sums technique

• Calculates Lagrange Polynomials sequentially

*See Lasso [STW23b] appendices F & G for similar techniques
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Thank you!
See paper: 

ia.cr/2024/524 
And blog post: 

gfenzi.io/papers/blendy-sumcheck
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https://eprint.iacr.org/2024/524
https://gfenzi.io/papers/blendy-sumcheck/

